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Part 1: Hardness of Approximating Set Cover
@ Recap

@ MinLabel

@ Gap Translation to Set Cover
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Day 3 Outline

Part 1: Hardness of Approximating Set Cover

@ Recap
@ MinLabel
@ Gap Translation to Set Cover

Part 2: Hardness of Biclique

@ Recap
@ Hardness of Biclique

Part 3: Hardness of Approximating Clique

Part 4: Selected Open Problems
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Part 1

Hardness of Approximating Set Cover
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MaxCover: Recap
Each W, is a Right Super Node
Each U; is a Left Super Node

S C W is a labeling of W if
Vielk,|SnWj|=1

S covers U; if
Jue U, VveS, (uv)eE

MaxCover(I", S) = Fraction of
U;'s covered by S

MaxCover(I') = max MaxCover(l', S)
Determine if MaxCover(I') =1 S

or MaxCover(l') <'s
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MaxCover: Projection Property

I" has projection property:
For every U; and W;,
Induced subgraph of (U;, W) is:
e complete bipartite graph
(i.e., irrelevant), or,
o Vw € W, deg(w)=1
(i.e., projection)

(U, W, E)

MaxCover with projection property
is W[1]-Hard

Karthik C. S. (NYU) Parameterized Inapproximability December 28, 2020 6/30



MaxCover: Gap Creation

Inapproximability of MaxCover using Reed Solomon Codes

There is a FPT reduction from MaxCover instance [ =

r k
<U0 =U UJQ, W = |JW,,Ey| with projection property to a MaxCover in-

j=1 Jj=1
q k
stance F = | U= {JU;, W= |JW,,E | such that
j=1 j=1

@ If MaxCover(I'g) = 1 then MaxCover(l') =1

@ If MaxCover(Ig) < 1 then MaxCover(I) < %

o [F|=0(q"-|W|-log|Usl)

@ The reduction runs in time g" - poly(|Io]).
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Each W; is a Right Super Node
Each U; is a Left Super Node

S C W is a labeling of W if
Vielkl,|SnW|=1

S covers U; if

Jue U, VveS, (uv)eE



MinLabel [CCKLMNT'17]

Each W, is a Right Super Node
Each U; is a Left Super Node

S C W is a labeling of W if
Vielk,|SnW|=1

S covers U; if
Jue U, VveS, (uv)eE

r(u, W, E) MinLabel(I') = smallest X C W:

Vi € [r], labeling S C X,
S covers U;
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MinLabel [CCKLMNT'17]

Each W, is a Right Super Node
Each U; is a Left Super Node

S C W is a labeling of W if
Vielk,|SnW|=1

S covers U; if
Jue U, VveS, (uv)eE

(U, w,E) MinLabel(I') = smallest X C W:
Vi € [r], labeling S C X,
Determine if MinLabel(I') = k S covers U;

or MinLabel(l') > s - k
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Given a MaxCover instance [ = (U =
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Jj=1 )

r k
Given a MaxCover instance [ = (U =yu,w=Uyw,E
=1 =
@ Completeness: If MaxCover(') = 1, then MinLabel(') = k
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Jj=1 )

@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/¢)/% - k
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r k
Given a MaxCover instance [ = (U =yu,w=Uyw,E
j=1 j
@ Completeness: If MaxCover(') = 1, then MinLabel(') = k




r k
Given a MaxCover instance [ = (U =yu,w=Uyw,E
j=1 j
@ Completeness: If MaxCover(') = 1, then MinLabel(') = k

Jj=1 )v
@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/¢)/% - k
Completeness is obvious.
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Maxcover to MinLabel

Reduction from MaxCover to MinLabel [CCKLMNT17]

r k
Given a MaxCover instance I = (U =yuy,w=yw, E),
j=1 j=1

@ Completeness: If MaxCover(I') = 1, then MinLabel(I") = k
@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/2)'/% - k

Completeness is obvious. In Soundness case, if X C W is a MinLabel
solution
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Maxcover to MinLabel

Reduction from MaxCover to MinLabel [CCKLMNT17]
r k
Given a MaxCover instance ' = [ U= | U;, W = UW;, E |,
j=1 j=1
@ Completeness: If MaxCover(I') = 1, then MinLabel(I") = k

@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/2)'/% - k

Completeness is obvious. In Soundness case, if X C W is a MinLabel

solutionthen every labeling S C X covers at most ¢ fraction of the left
supernodes.
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Maxcover to MinLabel

Reduction from MaxCover to MinLabel [CCKLMNT17]
r k
Given a MaxCover instance ' = [ U= | U;, W = UW;, E |,
j=1 j=1
@ Completeness: If MaxCover(I') = 1, then MinLabel(I") = k

@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/2)'/% - k

Completeness is obvious. In Soundness case, if X C W is a MinLabel
solutionthen every labeling S C X covers at most ¢ fraction of the left
supernodes. There are at most (IX}/¥) distinct labeling of W in X.
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Maxcover to MinLabel

Reduction from MaxCover to MinLabel [CCKLMNT17]
r k
Given a MaxCover instance ' = [ U= | U;, W = UW;, E |,
j=1 j=1
@ Completeness: If MaxCover(I') = 1, then MinLabel(I") = k

@ Soundness: If MaxCover(I') < ¢, then MinLabel(I') > (1/2)'/% - k

Completeness is obvious. In Soundness case, if X C W is a MinLabel
solutionthen every labeling S C X covers at most ¢ fraction of the left
supernodes. There are at most (IX}/¥) distinct labeling of W in X.

() e
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Improved Inapproximability of MinLabel

Inapproximability of MinLabel [X-LivniNavon'21]

There is a FPT reduction from MaxCover instance [y =

r k
<U0 =U U}’7 W= W,-,Eo> with projection property to a MinlLabel in-
j=1 j=1

20(a) B
stance [ = (U =y u,w=yw, E) such that

j=1 Jj=1
@ If MaxCover(lg) = 1 then MinLabel(I') = k
@ If MaxCover(l'g) < 1 then MinLabel(I') > ¢

IF| = O(q" - |W| - log | Uo|)

@ The reduction runs in time g" - poly(|[o|).
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U={({,f)lie]lr],f: (] — [k}
Ywe W;,S, €S
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U={({,f)lie]lr],f: (] — [k}
Ywe W;,S, €S

(iaf)ESW@EIUEU,'
(u,w) € E and f(u) =
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U={({,f)lie]lr],f: (] — [k}
Ywe W;,S, €S

(iaf)ESW@EIUEU,'
(u,w) € E and f(u) =

S| = W, [l =r- K
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Ywe W;, S, €8
(iaf)ESW@EIUEU,'

U=A,f)|ielr],f:[{]— [k}

(u,w) € E and f(u) =
S| =Wl lul=r- &
(wi, ..., wg) is labeling

that covers every U; =
(Swi

, Sw,) covers U



MinLabel to Set Cover [Feige'98]

U=A{(,F)ielrd,f: 10— [k}
Ywe W;, S, €8
(i,f) e Sy < Jue U
(u,w) € E and f(u) =
S| =W, U] =r-k*
(wa,...,wg) is labeling

that covers every U; =
(Swys-- -5 Sw,) covers U

v(i,f)elU, Jue U,
(u, w;) € E(Vj € [K])
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MinLabel to Set Cover [Feige'98]

U=A{(, ) ielrl,f: 10— [k}
Ywe W;, S, €8

(i,f) e Sy < Jue U

(u,w) € E and f(u) =

S| =W, U] =r-k*

(wa,...,wg) is labeling

that covers every U; =
(Swys- -5 Sw,) covers U

U= T(U,W,E) (i, f) eU, Ju e U,
(u, wj) € E(Vj € [K])

Determine if SetCover(U,S) = k
or SetCover(U,S) > s - k is hard!
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o U={(i,f)|i€el[r],f:[]— [k}

o (i,f)eSy < Juec U :(uw)ecEandf(u)=j



o U=1{(i,f)]ielrf:[]— K}

o (i,f)e Sy & Jue Ui (u,w)€ E and f(u) =

@ Suppose X is a set cover of size sk — 1

«O>» «F>r «=r «=>» = A



o U={(i,f)|ie]r],f:[] = [k]}

o (i,f)eSy < Juec U (uw)eEand f(u)=j

@ Suppose X is a set cover of size sk — 1

@ JU; not covered by any labeling in X

«O>» «F>r «=r «=>» = A



MinLabel to Set Cover: Soundness Analysis

o U={(i,f)|ie]r],f:[]— [Kk]}

o (i,f)eSy < Juec U :(uw)eE and f(u) =
@ Suppose X is a set cover of size sk — 1

@ JU; not covered by any labeling in X

@ For every u € U; there is some j € [k] such that W; N X N N(u) is
empty
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MinLabel to Set Cover: Soundness Analysis

o U={(i,f)|ie]r],f:[]— [Kk]}

o (i,f)eSy < Juec U :(uw)eE and f(u) =
@ Suppose X is a set cover of size sk — 1

@ JU; not covered by any labeling in X

@ For every u € U; there is some j € [k] such that W; N X N N(u) is
empty

o Construct f using above u
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MinLabel to Set Cover: Soundness Analysis

o U={(i,f)|ie]r],f:[]— [Kk]}

o (i,f)eSy < Juec U :(uw)eE and f(u) =
@ Suppose X is a set cover of size sk — 1

@ JU; not covered by any labeling in X

@ For every u € U; there is some j € [k] such that W; N X N N(u) is
empty

o Construct f using above u

(i, f) is not covered by X
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Parameterized Inapproximability of Set Cover

Inapproximability of Set Cover [-LivniNavon'21]

There is a FPT reduction from k-clique instance G([n], E) to a Set Cover instance
(U, S) such that

@ If G has a k-clique then (%) sets in S cover U

1/k

@ If G has no k-clique then (log n)!/* sets in S are needed to cover U

o |Ul,|S| <n

@ The reduction runs in time 2P°Y(K) . poly(n).
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Part 2

Hardness of Biclique
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Find k vertices in W
with most common neighbors

«O>» «F>r «=r «=>» = A




One-Sided Biclique: Gap Creation

Inapproximability of One-Sided Biclique (Lin'18)
There is a FPT reduction from k-Clique instance G([n], Ep) to a One-Sided Biclique
instance ' = (U, W, E) such that

@ If G has a k-clique then there are (g) vertices in W which have n
common neighbors in U

1/k

@ If G has no k-clique then for every (%) vertices in W they have at most
(k 4+ 1)! common neighbors in U

o |l=n

@ The reduction runs in time poly(n)
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Find k vertices in W
with kK common neighbors in U
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Biclique: Hardness

Hardness of Biclique (Lin'18)

There is a FPT reduction from k-Clique instance G([n], Ey) to a Biclique instance
= (U, W, E) such that

@ If G has a k-clique then there are (k + 1)! 4 1 vertices in W which have
(k+1)! + 1 common neighbors in U

@ If G has no k-clique then for every (k + 1)! + 1 vertices in W they have at
most (k + 1)! common neighbors in U

o |l=n

@ The reduction runs in time poly(n)
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Part 3

Gap-ETH Hardness of Approximation of Clique
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Gap-ETH

in 2°7 time.

«O>» «(Fr «Zr «E» = Q>

Je,0 > 0, no algorithm can solve (1 vs. 1 — §)-Gap 3-SAT on n variables



following two cases

Soundness: G has no (log k)-clique

«O>» «(Fr «Zr «E» Q>

Assuming Gap-ETH, there is no FPT algorithm that can distinguish between the
Completeness: G has a k-clique




Given ¢ on n variables and cn clauses,

«Or «F» DAy

a



Given ¢ on n variables and cn clauses,for every i € [k], construct C; by
picking Dn/ log k clauses randomly.
«AO> «F)>r «=)r « =) = Q>
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pendent disjoint sets V1,

Given ¢ on n variables and cn clauses,for every i € [k], construct C; by
picking Dn/ log k clauses randomly. We will construct a graph G on inde-
ooy Vi
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by
picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;.
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by

picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;. Insert an edge (v;,vj) € Vi x V;
iff the partial assignments are consistent. Note |V;| < 20(Pn/logk)
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by

picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;. Insert an edge (v;,vj) € Vi x V;

iff the partial assignments are consistent. Note |V;| < 20(Dn/logk),

Completeness: If o is a satisfying assignment to ¢ then we pick in V; the
restriction of o to variables appearing in C;.
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by

picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;. Insert an edge (v;,vj) € Vi x V;

iff the partial assignments are consistent. Note |V;| < 20(Dn/logk),

Completeness: If o is a satisfying assignment to ¢ then we pick in V; the
restriction of o to variables appearing in C;.

Soundness: Any collection Cj, ..., C;_, contains (1 — 6/2) fraction of

log k
clauses of .
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by

picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;. Insert an edge (v;,vj) € Vi x V;

iff the partial assignments are consistent. Note |V;| < 20(Dn/logk),

Completeness: If o is a satisfying assignment to ¢ then we pick in V; the
restriction of o to variables appearing in C;.

Soundness: Any collection Gy, ..., G,

contains (1 — 0/2) fraction of
clauses of . If (vi,..., Vilogk) eV, x--x \/ilogk is a clique then we can

find an assignment that satisfies (1 — §/2) fraction of clauses.
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Hardness of Approximating Clique: Proof

Given ¢ on n variables and cn clauses,for every i € [k|, construct C; by

picking Dn/ log k clauses randomly. We will construct a graph G on inde-
pendent disjoint sets Vi,..., Vi.Each V; contains a vertex for every satis-
fying partial assignment to clauses in C;. Insert an edge (v;,vj) € Vi x V;

iff the partial assignments are consistent. Note |V;| < 20(Dn/logk),

Completeness: If o is a satisfying assignment to ¢ then we pick in V; the
restriction of o to variables appearing in C;.

Soundness: Any collection Gy, ..., G,

contains (1 — 0/2) fraction of
clauses of . If (vi,..., Vilogk) eV, x--x \/ilogk is a clique then we can

find an assignment that satisfies (1 — §/2) fraction of clauses.

Any T (k) - poly(|V/|) algorithm for gap k-clique yields a T (k)-20(Pn/logk)
algorithm for (1 vs. 1 — §)-Gap 3-SAT.
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Part 4

Open Problems from these Lectures
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Parameterized Inapproximability: Partial Summary

Parameterized Inapproximability: Recent Developments

WI[1] # FPT k-Dominating Set k-Tournament Dominating Set I
N 7 ; <
WIP] # FPT \‘ — [Manc’10] Minimum Monotone Circuit SAT [BNS'14) Target Set Selection
o QMY@
7

>

ETH o - [BGKM'18] -
- k-Odd Set k-Even Set I
SETH O

k-Steiner Orientation |~—o| Maximum Directed Multicut |

%6@0 CCKLMNT'” k-Clique Max Subgraph with Hereditary Property |
. i
Gap £TH =2 AT 17] \-Biclique Max Induced Matching
),ﬂr Densest k-Subaranh 1LC2 261 | Strongly Connected
ensest k-subgrap Steiner Subgraph
Directed Odd Cycle Traversal I k-Mean

Max k-Coverage

PIH [LRSZ'17)

(6111

Parameterized Inapproximab Pasin Manurangsi
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Is it W[1]-Hard to approximate k-Clique to 1.01 factor?

«AO> «F)>r «=)r « =) Q>



ETH

Je > 0, no algorithm can solve 3-SAT on n variables in 2" time.
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ETH

Je > 0, no algorithm can solve 3-SAT on n variables in 2" time.

Gap-ETH

time.

«O>» «F>r «=r «=>» = A

Je,d > 0, no algorithm can solve (1 vs. 1 — §)-Gap 3-SAT on n variables in 2¢"



ETH

Je > 0, no algorithm can solve 3-SAT on n variables in 2" time.

Gap-ETH

Je,d > 0, no algorithm can solve (1 vs. 1 — §)-Gap 3-SAT on n variables in 2¢"
time.

Does Gap-ETH follow from ETH?

«O>» «F>r «=r «=>» = A



PIH [Lokshtanov-Ramanujan-Saurabh-Zehavi'17]

Is it W[1]-Hard to approximate 2-CSP on k variables and n alphabet?
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Is it W[2]-Hard to approximate k-Set Cover to 1.01 factor?
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Is it W[2]-Hard to approximate k-Set Cover to 1.01 factor?

Is it W[1]-Hard to approximate k-Set Cover to o(log n) factor?
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Is it W[2]-Hard to approximate k-Set Cover to 1.01 factor?

Is it W[1]-Hard to approximate k-Set Cover to o(log n) factor?

Is it W[1]-Hard to approximate k-MaxCoverage beyond 1 — 1/e factor?
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Is it W[1]-Hard to approximate k-Biclique to 1.01 factor?
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Is MaxCover equivalent to One-Sided Biclique?
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